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Abstract

We prove multiplicity of small amplitude periodic solutions, with fixed frequency w, of com-
pletely resonant wave equations with general nonlinearities. As @ — 1 the number N, of
21/w-periodic solutions uy,...,uy,...,uy, tends to +oo. The minimal period of the nth solution
u, 18 2m/nw. The proofs are based on the variational Lyapunov—Schmidt reduction (Comm. Math.
Phys., to appear) and minimax arguments. '
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1. Introduction

In a previous paper [5] we have proved, by means of a variational principle, the exis-
tence of one, small amplitude periodic solution with fixed frequency of the completely
resonant nonlinear wave equation

Uy — Uy + f(u) =0,
u(t,0) =u(t,n) =0,
where f(0)= f"(0)=0.

(1)

' Supported by M.U.R.S.T. Variational Methods and Nonlinear Differential Equations.
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The aim of the present paper is to complete the description of the small amplitude
periodic solutions of (1) proving “optimal” multiplicity results, finding the minimal
periods of the solutions and showing their regularity. These results have been announced
in [5, Section 4].

For proving the existence of small amplitude periodic solutions of completely reso-
nant Hamiltonian PDEs like (1) two main difficulties must be overcome. The first is
a “small denominator problem” which can be tackled via KAM techniques, see e.g.
[7,12,14,15], or Nash—-Moser implicit function theorems, see e.g. [6,8,9]; another ap-
proach, using the Lindstedt series method, was recently developed in [11]. In [2,3], a
strong non-resonance condition on the frequency, which allows the use of the standard
contraction mapping theorem, has been introduced. The second problem is the presence
of an infinite-dimensional space of periodic solutions, with the common period 27, of
the linearized equation at 0

Uy — U =0, )
v(t,0) =v(t,m) = 0. @)

In fact any solution v = Zi>1 & cos(jt + 0;)sin(jx) of (2) is 2m-periodic in time.

Problem. What linear solutions of ¥ can be continued to solutions of the nonlinear
equation (1)?

A natural variational approach to find the bifurcation points of V' for general non-
linearities f', has been introduced in [5]. By the classical Lyapunov—Schmidt reduction
one has to solve two equations: the (P) equation where, in general, the small denom-
inator problem appears, and the (Q) equation which is the “bifurcation equation” on
the infinite dimensional space V. The (P) equation is solved through an implicit func-
tion theorem; the small denominator problem is simplified imposing the same strong
irrationality condition on the frequency as in [3]. The (Q) equation is solved not-
ing that it is the Euler-Lagrange equation of a reduced action functional ®, with
fixed frequency, see formula (9). @, is defined in a small neighborhood of 0 and has
the form

w?* —1
Po(v) = —, [v]]> = G(v) + h.ot., (3)

where G # 0 is an homogencous functional of order > 2. At least one, non-trivial
critical point v of @, is obtained in [5] by a local mountain-pass argument. Moreover
v tends to 0 as @ — 1. When f(u)=au’ +h.o.t. and p is odd, G(v)=a/(p+1) [vP'!,
but, for p even, [vP™' = 0 and some more work is required to find the dominant
homogeneous term G. Existence of periodic orbits is proved for any nonlinearity f(u)=
au”+h.o.t. We remark that the homogeneity of G ensures the “confinement at 0” of the
Palais—Smale sequences at the mountain-pass level. This fact is automatically satisfied
in finite dimension, see [10].

Multiplicity of critical points is usually derived exploiting the invariance of the
functional under some group actions, e.g. the S'-action induced by time translations
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in [10,13,16]. We could do it here as well. However, for functionals like (3) with a
homogeneous term G we can provide a much more detailed picture of these critical
points.

Critical points of @, restricted to each subspace V,, C V' formed by the functions of
V' which are 27n/n-periodic w.r.t. time, are critical points of @, on the whole V. We
prove that, for each n > 1, (15(,,“/” possesses a mountain-pass critical point v,. Moreover,
exploiting the homogeneity of G, we show that each v, has minimal period w.r.t. time
2n/n and we get a sequence of geometrically distinct 27/w-periodic solutions u, of
(1) (u, has minimal period 27/nw), see Theorems 3.1-3.4. This method provides very
precise informations on the minimal periods, on the norms and on the energies of the
solutions, see Remarks 3.1 and 3.6. As w — 1, o fulfilling a strong non-resonance
condition, the number N,, of small amplitude 27/w-periodic solutions uy,...,uy,...,uy,
we find, increases to +00 as N, =~ C//|o — 1| — +o0.

Concerning this estimate for N, we remark that the expected number of small
amplitude periodic solutions with frequency w = 1 is in general O(y/1/|w — 1|), see
Remark 3.2. Actually, for f(u)=u>, all the small amplitude periodic solutions have
been computed at the first order (see [3]) showing that we have missed no critical
points, see Remark 3.3.

Finally, we prove that the weak solutions found are indeed classical C? solutions
of (1).

We underline that the forementioned multiplicity results, when f(u) = au” + h.o.t.
for p even, are quite more difficult that the case p odd. The main difficulty is to prove
that G satisfies the estimates yielding the minimality of the periods.

The paper is organized as follows. In Section 2, we first recall the variational
Lyapunov—Schmidt reduction. We need and prove more refined estimates w.r.t. [S].
Next, we show how to prove the minimality of the period and the multiplicity results.
Section 3 concerns the application to periodic solutions of the nonlinear wave equation.
In Section 4, we prove the regularity of the solutions.

2. The variational principle

In order to get optimal multiplicity results more refined estimates w.r.t. [5] are
needed.

2.1. The variational Lyapunov—-Schmidt reduction

We look for periodic solutions of (1) with frequency w. Normalizing the period to
27, the problem can be rewritten

Oy — e + f)=0, u(t,0)=u(t,n)=0, u(t+2mx)=u(tx). 4)

We look for solutions of (4) u:Q2 — R where Q2 := R/27Z x (0,7), in the Banach
space

X = {ucH'(QR)NL®(Q,R) | u(t,0)=u(t,n) =0 ae., u(—t,x)=u(t,x) ae.}
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endowed, for w € [%, %}, w # 1, with the (w-dependent) norm
oy = |tt]oo + 0 — 1[V2[|ue]| 1.

We can restrict to the space X of functions even in time because Eq. (1) is reversible.
Any u € X can be developed in Fourier series as

u(t,x) = Z uj; cos It sin jx

120,j>1
and its A'-norm and scalar product are

2
P =l o= [t [ ard i =T S )
= el =) ; X + ity = - uj,(Jj )

120,j>1

2

(u,w) := / dt dxu,w, + uwy = — Z uljw;j(lz —|—j2) Yu,we X.
0 2

120,/>1

ulpe = (Jo [u)'? = (R/V2)(3 120,51 47" is the L*-norm, associated with scalar
product (u,w);2 == [, uw.

The space of the solutions of v, — vy, = 0 which belong to HOI(Q,R) and are even
in time is

V=< o(t,x)= Z & cos(jt)sin jix | €; €R, Zfﬁf < 4
j=1 j=1
V' can also be written as
V= {o(t,x) =n(t +x) — n(t —x)[n € H'(T), n odd},

where T := R/27nZ and n(s)=3_, ,(£;/2)sin(js). Note that (i) := (1/2m) Jy n(s) ds=0.
In order to get multiplicity results, we shall consider also the subspaces of

.2 ..
Vi = {ve Vivis = — periodic w.r.t. t}’ n €N\ {0}.
n

Defining, for v=n(x+¢) —n(x —t) €V, neN\ {0},
(Zno)(t,x) == n(n(t + x)) — n(n(t — x)),
it is immediately realized that %, : V' — V), is an isomorphism
V=2,V = {v(t,x) = n(n(x + 1)) = n(n(x — 1)) | n(-) € H'(T), n(-) odd}.

For v =) &;cos(jt)sin(jx) €V, we have |v]o <) |E| < Cllv]| by the Cauchy—
Schwarz inequality. Hence, the norms ||, and ||| are equivalent on V. Moreover,
the embedding (7, - ||) — (V,| - |oo) is compact.
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Critical points of the C'-Lagrangian action functional ¥ : X — R defined by

2n b wz 1
‘I’(u)::/ dt/ dx—u,z—iuﬁ—F(u),

where F(u) = j;)u f(s)ds, are weak solutions of (4).
To find critical points of ¥ we perform a Lyapunov—Schmidt reduction. Write X =
V & W where

W.={weX|(wv)p=0%WelV}

= Z wyjcos(lt)sinjx € X |w; =0 Vj > 1

120,j=1

The projectors Iy : X — V, Iy :X — W, defined, for u =) u;; cos(It)sin(jx) € X,
by Iy (u) := ) uj;cos(jt)sin(jx) and Iy (u) :=u — Iy(u) €X, are continuous.
Setting u :=v+w with ve V and we W, (4) is equivalent to the two equations

Q) — vy +va =My f(v+w),

(P)  — 0wy 4w =y f(v+w).

The (P) equation is solved through the standard contraction mapping principle, as-
suming w € W = Uv>0 W, where W, is the set of strongly non-resonant frequencies
introduced in [4]

Wy i={oeR||ol - j| > ; vj# 1},
For 0 <y < 1/3, the set W, is uncountable, has zero measure and accumulates to w =1
both from the left and from the right (see [4]). It is also easy to show that W, = for
y =1

Lemma 2.1. For w € W,, the operator L., = —*0y + O :D(Ly) C W — W has a
bounded inverse L' : W — W which satisfies, for a positive constant C; independent
of v and o, |L;' Oyul, < (Ci/y)|ule for u€eX. Let L~V : W — W be the inverse
operator of —0y + Oxy. There exists C; > 0 such that ¥r,s € X

—1
/ )Ly — LY (ys(tx)) dedx| < G '”/ L lolslos (s)
Q L}
-1 o — 1|
r(t,x)L, (Iys(t,x))dedx| < Co [ 1+ f 7] ] 8] o5 (6)
Q
—1 |w - 1|
L, sl < G 14+ X221 s, (7)

Proof. The proof is in the appendix. [
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Fixed points of the nonlinear operator %: W — W defined by 4(w) := L'y f
(v 4+ w) are solutions of the (P) equation. In order to prove that ¢ is a contraction
for v sufficiently small, we need the following lemma, proved in the appendix, on the
Nemytski operator induced by f.

Lemma 2.2. The Nemytski operator u — f(u) is in C'(X,X) and its derivative at u
is Df(u)[h]= f'(u)h. Moreover, if f(0)= f'(0)=---= fP=D(0)=0 there is py > 0
and positive constants Cs, Cy, depending only on f, such that, Yu € X with |ul, < po,

|f () < C3|”‘§<ﬁ|”|f» < Gslulf  and

p71|h

w

|f/(”)h‘m < C4|“|£<>72|”|w|h|w < Cylu

o- (8)

Lemma 2.3. Let f(0)=f"(0)=---= fP=Y(0)=0 and assume that » € W,. There ex-
ists p > 0 such that, Yve 7, :={veV||v {Z_l/y < p} there exists a unique w(v) € W
with [w(v)|, < |v|e solving the (P) equation. Moreover, for some positive constant Cs

(1) w©)|o < Cslol&/y, [w(o)|z < Cs(1+ /| — 1]/y)[v]6,
(i) Vr€X, | [oOw(v) = Ly Ty f(0)) 7| < (Cs/p)(1+ (Jo = Lp)[ofe! ™ |
(ii1) w(—ov)t,x) =w(v)t + n,m —X),
(iv) veV, = w(v) is 2n/n periodic w.r.t. t,
(v) the map v — w(v) is in C'(V,W).

Proof. The proof is in the appendix. [

Once the (P) equation is solved by w(v) € W, the infinite-dimensional (Q) equa-
tion is solved looking for critical points of the reduced Lagrangian action functional
P, 7, — R defined by

D,(v):= Y (v+w(v))
B 2n T 602 5 1 5
= [ ar [ o 0 = 5 0 ) = Pl o))

%)
Indeed it is proved in [5] that

Do, (v)[h] = / dt dx w?v,h, — vihy — Oy f(v+w(v))h VYheV. (10)
Q

Theorem 2.1 (Berti and Bolle [5]). If vV is a critical point of the reduced action
Sunctional @,,:%, — R then u=v+w(v) is a weak solution of (4).

@, can be written as
1
@u(v) =3 ol + / de dx 5 (0 -+ w(e)w(v) = F(v+w(©)), (11)
Q

where ¢ := (0? — 1)/2.
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The existence of one mountain-pass critical point of @, has been proved in [5].
In the next subsection, we prove a refined abstract theorem which will enable us to
find multiplicity results, proving detailed estimate on the norms and the energies of the
solutions and considering the minimality of the periods.

2.2. Existence of critical points: an abstract result

Let ®:B, C E — R be a C! functional defined on the ball B, := {veE ||jv|| < r}
of a Hilbert space E with scalar product (-,-) and norm || - ||, of the form

@(v) = £ |lo]* = G(v) + R (12)
where G # 0 and

(H1) GeCY(E,R) is homogeneous of degree g + 1 with ¢ > 1, ie. G(lv) =
MGV ERy,

(H2) VG:E — E is compact,

(H3) ReC'(B,,R), R(0) =0 and for any ' €(0,7), VR maps B, into a compact
subset of E.

The following Theorem was proved in [5].

Theorem 2.2 (Berti and Bolle [5]). Let G satisfy (H1), (H2) and suppose that G(v)
> 0 for some vEE (resp. G(v) <0). There is o > 0 (depending only on G) and p
> 0 (depending on r and G) such that, for all R € C'(B,,R) satisfying (H3) and

[(VR(v),0)| < ajo]|”!,  VoeB,

for all pne(0,uy) (resp. €(—up,0)), @ has a non-trivial critical point v € B,, with
[o]] = O,

We now prove a more specific result, containing in particular a precise localization
of the critical point v of Theorem 2.2. First, we need the following definitions and
intermediate lemma.

Observe that, by the compactness of VG:E — E, G maps the unit sphere S =
{veE||v|| =1} into a bounded subset of R (indeed G(v) = fOI(VG(sv),v)ds and
VG(B) is bounded in E, where B denotes the closed unit ball). Define

G(v) _ G(v)
Do (@)=l GE) =0l

my(G) :=sup G(v) = sup
veS

If m(G) >0 (resp. m_(G) < 0) then G attains maximum (resp. minimum) on S.

Lemma 2.4. If m(G) > 0 then K := {veS|Gw)=m.(G)} is non-empty and com-
pact. If m_(G) <0 then K; :={veS|G(v)=m_(G)} is non-empty and compact.

Proof. We give the proof in the first case. Assume that m := m (G) > 0. Since
VG(B) is compact, Vo >0 there is a finite-dimensional subspace F; of FE
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such that
Vo€ B Vh € F5-|[(VG(v),h)| < d|h].

As a result, calling P; the orthogonal projector onto F5, we obtain for v € B

1
|G(v) — G(Psv)| < /0 [(VG((1 — s)Psv + sv),v — Psv)| ds

1
</ 5llo = Psol| ds < 8o — Pyv]| < 6.
0

One can derive from this property that G|z is continuous for the weak topology in
E. Indeed G|z is the uniform limit, as 6 — 0, of G o Ps and each function G o P;s
is continuous for the weak topology since P; is a linear compact operator. Since B,
the unit ball of E, is compact for the weak topology, G attains its maximum on B
at some point vy € B. We have G(vg) =m > 0, so that vy # 0, and G(vp)/||vo||*"! =
m/||vo]|*" = m. Hence, by the definition of m, G(vo)/||vot! = m and vy €S, i.e.
Vo GKSL.

To prove that K is compact, consider a sequence (vx) with v; € K" for all k. Since
(vr) is bounded, we may assume that (up to a subsequence) (v;) converges to some
veFE for the weak topology. For all k, v; € B hence, since B is closed for the weak
topology, v € B. Moreover, since G| is continuous for the weak topology, G(v)=m. By
the same argument as above, we get that ||v|| = 1. Hence, (vx) — v and (||vk]]) — ||
and we can conclude that (v;) — v strongly. [J

Note that m(G) > 0 (resp. m_(G) < 0) if and only if Jv €V such that G(v) > 0
(resp. G(v) < 0).

Theorem 2.3. Let @ satisfy (H1)—(H3) and suppose that m := m. (G) > 0 (resp.

m = —m_(G)>0). Set o = sup,cp , [((VR(v),v)|/||v]|4F!. There exists a small
positive constant Cy, depending only on q, such that, if

1/(g—1)
% <, C”) <Gy (13)
m m

and >0 (resp. u <0), ® has a critical point v € B, on a critical level

g1 i [1+o(2)]. (14)

‘T m<w+1m

Moreover

o ‘li| 1/(g—1) .
b= (1 +0(%)) <n1(q+l)) v with yeS, (15)

G(y)=m(G)+O(x)  (resp. G(y) =m_(G)+ O(2)), (16)

)(4+1)/(q1)
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and dist(y,Koi) < h(a) for some function h, depending only on G, such that lim_,
h(s)=0.

Proof. It follows in the main lines the proof of Theorem 2.2 of [5]. (1) Define on the
whole space £ a new functional & which is an extension of Dy for some neighborhood
U of 0, in such a way that & possesses the mountain-pass geometry, see (20). (2)
Derive by the mountain-pass theorem the existence of a “Palais—Smale” sequence for
®, see (21). (3) Prove that (v,) converges to some critical point # in an open ball
where @ and @ coincide. (4) Localize #, proving (15) and (16).

For definiteness, we make the proof if G(v) > 0 for some v € V (hence m(G) > 0)
and we take p > 0.

Step 1: Let us consider o€ K, such that G(¢) =m := m(G). The function ¢ —
(1/2)||¢0]]> — G(t7) = (u/2)f* — t9" ' m attains its maximum at

1 1/(g—1)
= () ()

with maximum value ((%) —1/(qg+ 1)),urﬁ.

Note that 4r, <r, provided that (u/m)"4~! < Cor for some constant Co which
depends on ¢ only.

Let A=[0,4+00) — R be a smooth cut-off non-increasing function such that

Js)=1if s€[0,4] and A(s)=0 if s€[16,+00). (18)

Vu > 0 such that 4r, < r, we define a functional Eu :E — R by

2
Ry (v):= ] <””L|> R(v) if v€B, and R,(v):=0if v¢&B,.
r
u

1?,, € C'(E,R), Ru\ Bu, :Rle,ﬂ and, by (18) and the properties of R, there is a constant
C depending on 4 and ¢ only, such that

YWweE |R,(v)| < Colo|*"" and  |[(VRu(v),0)| + |Ru(v)| < Courd ™. (19)
Then we can define @ on the whole E as

~ 'u, ~

P(v) =7 [0]I> = G(v) + Ru(v).

®(0) =0 and & possesses the mountain-pass geometry: 36 > 0 and w e Ri with
[lw|| > 9, such that

vVEOB;

(i) inf d(v) >0, (ii)d(w)<0. (20)

(20)(ii) holds for w=R7 with R large enough since limz_ ., P(R7)=—oc. For (20)(i),
we use that G(v) < m,(G)||v]|“*". Hence, by (19), any 6 € (0,R) such that (u/2)é*> —
(m4(G) + Ca)d9*! > 0 is suitable.
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Step 2: Define the mountain-pass paths
I'={yeC(0,1LE)[7(0) =0, (1) =w}
and the mountain-pass level

¢, = inf max ®((s)).
p = inf max (7(s))

By (20)(i), ¢, > 0. By the mountain-pass theorem [1] there exists a sequence (v,)
such that

V&(v,) — 0, B(v,) — ¢, (21)

(Palais—Smale sequence).
Step 3: We shall prove that for n large enough, v, lies in a ball B, for some h < 2r,,.
For this we need an estimate of the level c¢,. By the definition of ¢, and (19),

¢ < max B(sRP) < max g 165]% — (m — Co)||25]| 7.

Computing the maximum in the right-hand side, we find the estimate

1 1 m 2/(g—1) 5
<u(l- , 22
i 'u<2 q+l) <mCoc> i (22)

We claim that limsup,_, . ||va|| < 27,. In fact, let ve R, U{+oc0} be an accumulation
point of the sequence (||v,]|). Up to a subsequence, lim, ., ||v,||=v and we shall prove
that v < 2r,,.

By the homogeneity of G, (V&(v),v) = pl[v]> — (¢ + 1)G(v)+ (VR,(v),v) and,
by (21),

(V(is(vn)s Uy) = ,qun”z — (g + 1)G(v,) + (Vﬁu(vn)’ Up) = ,un”Un”

with lim,,_ o i, = 0. This implies

! 1 2 3 Hn ~ 1 ~
2 n :(Dn_ ”_R n 1 Rtn:n~
“(2 q+1>||v | (V) qul||v [ ”(U)+q+1(v (00), 0)

Since ®(v,) — ¢, and using (19), we derive that the sequence (||v,|) is bounded and
s0 v < oco. Taking limits as n — oo, we obtain

1 1 2 g+1y _ x 2
“(2_q—|—l>v —Cp_“!‘O(OCVu )—cﬂ—|—0<%,urﬂ>

1 1 by o
<u(y-—=)n(1+0(%)) 23
u(z q+1>rﬂ(+ - (23)
by (22) and the definition (17) of r,. By (23), there is Cy > 0 (depending on ¢ only)
such that if o/m < Cy then v < 2r,. More precisely we have

ven(1+0(2)). (24)

m
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Thus v, € By, (for n large), for some & < 2r,, and since ¢ = & on By,
Vcﬁ(v,,) =Vo(v,) = uv, — VG(v,) + VR(v,) — 0.

Since (v,) is bounded, by the compactness assumptions (H2) and (H3), (v,) converges
(up to a subsequence) in By, to some non-trivial critical point ¢ of @ at the critical
level ¢, > 0.

Step 4: Let us write 0 =sy, with y €S, s =||7|| > 0. We know by (24) that

ssrﬂ(1+0(%)). (25)

Since
ul|8))* = (VG(8),8) + (VR(D),8) = (VO(5),7) =0,

us? — (g + 1)s77'G(y) < as?! (recall the definition of «). Hence (¢ + 1)G(y)+o > 0
and (combined with (25))

Gieo e <= vo (). 26)

By the definition (17) of r,, (26) implies, for o/m small, that G(y) = m+ O(«). Hence,
since G(y) < m by the definition of m (recall that y €S),

G(y)=m+ O(a)

and we have proved (16). Hence, by the first inequality of (26),

S > WLl)m (1 +0(%)).

Finally, by the definition (17) of r, and (25),

s=ll=n(1+0(2) = (k) (e0(2))  en

and we have proved (15).
By (23) and (27),

w=n(a ) 2o Gum) =) A 0o ()

which yields (14). To complete the proof of Theorem 2.3 note that the estimate G(y)=
mi(G) + O(a) implies that dist( y,Koi) < h(x) for some function /4, depending only
on G, such that lim;_,¢/(s) = 0. In fact, arguing as in the proof of Lemma 2.4, it is
easy to prove that from any sequence (y,) such that y, €S and G(y,) — m+(G), one
can extract a subsequence which converges to some point of Koi. [
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2.3. Minimal period

When the Hilbert space E is equal to 7, endowed with the H' norm, we can give
a condition which implies that the critical v provided by Theorem 2.3 has minimal
period w.r.t. time 2.

Lemma 2.5. Let @:B, C V — R satisfy all the hypotheses of Theorem 2.3 and
assume furthermore that there is [ €(0,1) such that ¥n =2 and Yv eV for which
G(ZL,v) >0 (resp. G(Z,v) <0),

G(ZL ) < pn?™'G(v)  (resp. G(ZLw) = it G(v)). (28)
Then, there is a constant Ce¢ < Cy depending only on q and [ such that, provided
a/m < Cg and (|p|/m)9=V < Cyr, the critical point v of Theorem 2.3 has minimal

period (w.r.t. t) 2m.

Proof. We give the proof when m := m (G) > 0 (and for u > 0).
For z(t,x) = n(t + x) — n(t —x) € V we have?

21 P
| = /O 00— =P drax

1 2n p21m
=5 [ [ oren-werasas,
0 0

1 21 2
~ Lo / W (1Y ds, — 2 / W (s1)ds,
2 0 0

21 2
x / W(s2)dss + 2m / Vll(Sz)zdS2]
0 0

21
= Zn/ ' (s)* ds.
0

Hence ||,z =2n fozn n?n'(ns)? ds = n?||z||?, because 1 is 2m-periodic. As a conse-
quence, Vn =2, Vz€ V such that G(¥,z) > 0
G(Zz)  G(L2) G(2)
[ Lnzllat " nafzl|ott = T z]]e+!

<p < fm

by (28), and so, Vn > 2, sup, s G < fm.

2 Lemma 3.3. of [5]. Let m : RZ — R be 2n-periodic w.r.t. both variables. Then

2n 1 1 2n 21
/ / m(t +x,t —x)dtdx = - / / m(sy,s2)dsy dss.
o Jo 2 Jo Jo
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By Theorem 2.3 we know that v = (u/m(q + 1))"/4~1(1 + O(a/m))y with y € S and
G(y)=m+ O(a). Hence, there is a constant Cs which depends only on ¢ and f§ (more
precisely Co=O0(1—f)) such that, if o/m < Cy then sup,, s G < G(y), Vn = 2. Hence,
Vn>=2, y¢&V, and y,v have minimal period 2n. [

2.4. Multiplicity of critical points

When @ is invariant under some symmetry group (e.g. @ is even), multiplicity
of non-trivial critical points can be obtained, as in the symmetric version of the
mountain-pass theorem [1]. We remark that the reduced action functional @, is even.?3
Indeed defining the linear operator .# : X — X by (Ju)(t,x) := u(t+mn,n1—x), Yo=Y,
and, by Lemma 2.3(iii) and since —v = Jv,

Du,(—v)=Y(—v+w(—v))=P(F(v+w))) =P+ w)) = Du,(v).

However, we shall adopt a different approach: as explained in the Introduction we
shall prove multiplicity considering the restrictions of @, to the subspaces V, C V.

Lemma 2.6. Any critical point of @,:V, N %, — R is a critical point of P, :
yno, —R.

Proof. Let v €V, be such that D®,(v)[h]=0 Vh € V,,. We want to prove that D®,(v)[4]
=0 VheV,-NV. By (10) it is sufficient to prove that VA€ V,- NV

n 21
/ dx dr f(v(t,x) + w(v)(t,x))h(t,x) = 0.
0 0

This holds true because, by Lemma 2.3(iv), f(v(¢,x)+w(v)(t,x)) is 27/n periodic w.r.t
¢t and (t,x) — h(t,x) € V;- NV does not contain any harmonic with a time frequency
multiple of n. [

Define @, ,:{veV | L, veZ,} — R by
Piyn(v) 1= Po(Lnv) (29)
and introduce the norm
[Pl = vl = [tloo + [ = 1]"2n]lo]. (30)

If | — 1|n* < 1, which we shall always assume in the sequel, then |v],,, < C||v| for
some universal constant C. As a consequence

p—1
3 po > 0 such that & := {UEV v|y Spo} c{veV|Lwe2,}, (1)

i.e. Z is included in the domain of definition of @, .

3 Not restricting to the space X of functions even in time the reduced functional would inherit the natural
S! invariance symmetry defined by time translations.
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To get multiplicity results, we shall look, Vn > 1, for critical points of
D, — R

By Lemma 2.6, if v€ 2 is a critical point of @, , with minimal period 2z, then
vy = L, is a critical point of @, with minimal period 27/n. Hence, by Theorem 2.1,
u, =v, +w(v,) is a solution of Eq. (4) with minimal period w.r.t. time 27/n. Since the
solutions u, have different minimal periods, they define geometrically distinct periodic
orbits.

3. Applications to nonlinear wave equations
Let f(u)=au” + h.ot. for some integer p > 2, a # 0. Recall that ¢ = (w? — 1)/2.

Lemma 3.1. The reduced action functional ®,:%, — R defined in (11) can be
developed as

1
0,0 = 5 1o = [ F@ =5 [ £ )+ R0,

with

(VRo(0).0) = O (' gy L ) .

Proof. We have, since [, f(v)L™' Iy (f'(v)v) = [, f'(v)oL™ 1Ty f(v),
(VRo(0),0) = /Q /@) + L L Ty f(0) — £+ w()]o

- /Q LF(0) + f@w(©) — f(o + we)le
+ /Q (L — L)y )] (o)
+ /Q L5 Ty £ () — w(o))f (o)

e (e +y)1;2p !
— ool |w<v>iz>+o<'y'| B |va,)+o<"/"| 2

e _ _ e + |& _
—o (s +o (L) + o (2 )
Y YV YV
3p 1
=0 By 4 1t
Y Y

by Lemmas 2.2, 2.3, formula (5) and because |v|2 "'y < p. O
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3.1. Case I: p odd
Let f(u) =au” + h.o.t. for an odd integer p.

Lemma 3.2. The reduced action functional &, :% — R defined in (11) has the form
(12) with p=¢ = (w* — 1)/2,

G(v)::a/Q;pH and  R(v) ::Rw(u)—% /Qf(u)L—IHWf(v)

+1
p+l1
—/ (F(v)—a v )
Q p +1
Moreover
P I I
(VR(U)7U) =0 |U‘5) + 7 |U|wp + T . (32)

Proof. We use Lemma 3.1. We have [ f(v)v—av?™' = O(|v|4") since* [vP*2 = 0.

Moreover, [ f'(v)oL™' Iy f(v)= O(|f"(®)v]z2| f(v)]12) = O(|v[e”) = O(|v]£;") since
p=3 U

Lemma 3.3. @,,:% — R defined in (29) has the form (12), with u = en® =
n(a? —1)/2,

2
&
B,y (0) = % 10> = G(v) + Ru(v) Vo€,

where R,(v) := R(ZL,v). Moreover

3p—1
(VR.(v),0) = (VR(ZLv), L) = O <|v|f;,tf + 'j' |vl2P, + '”'“;)

e p|]3p-1
—0 (nvnw + Bl g+ ”/) (33)

Proof. It is casy to see that
G(ZL,(v))=G(v) YveV, neN. (34)
Estimate (33) follows by (32) and (30). [

Theorem 2.3 yields the existence of at least one 27/n-periodic solution of (4) for

all n > 1. Define, for o € ¥ := Uy>0 Wy, v = max{y| w € W,}.

4By Lemma 3.4 of [5], v€ V and p even = vP € W, i.e. fQ vPh=0VYheV.
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Theorem 3.1. Let f(u)=au? + h.o.t. (a # 0) for an odd integer p = 3. There exists
a positive constant C; := C;(f) such that, Vo € W and Yn € N\ {0} satisfying

| — 1|n?
’y(l)

<G (35)
and o > 1 if a>0 (resp. o <1 if a<0), Eq. (1) possesses at least one,® even
periodic in time classical C? solution u, with minimal period 2m/(nw).

Proof. G is homogeneous of degree p+ 1 and for a > 0 (resp. a < 0) G(v) > 0 (resp.
G(v) < 0) Vv # 0. For definiteness, assume a > 0 and so ¢ > 0. VG and VR satisfy
the compactness properties (H2) and (H3) as proved in Lemma 3.2 of [5] and so VR,
satisfies (H3) as well.

Let us set

1 e\

For ¢n?/y small (precisely en’/y < pomC{ 71), B, C & where the domain & is defined
in (31). Moreover, with this choice of r, the second condition in Theorem 2.3 (13)
is automatically satisfied (actually (en?/m)"/?~! = Cyr). We claim that also the first
condition in (13) is satisfied provided |&[n?/y,, is small enough, because, by (33)

. 2p—2 2\ 2
x=0 (rz + %rp_l + 1 . > =0 <(8n2)2/(p_1) + <&:> )

(recall that 0 < y < 1). Applying Theorem 2.3 we deduce the existence of at least one
non-trivial critical point v € B, of &,, ,. Finally, by (34) also condition (28) is satisfied
and, so, by Lemma 2.5, v has minimal period 2n. [

The regularity of the solutions u, is proved in Section 4.

Remark 3.1 (Energies and norms of the solutions). Using the estimates of Theorem
2.3, it is possible to prove the following estimates® on the norm and the energy
En = Jo Wn)?/2+ (uy)2/2 + F(uy) dx of the solution u,:

] <|w_1|n2>”“”” <1+ (|w—1|n2>>
u =n|—— ),
nl||H! m(p+1) g1 Yo

s _nz<lw—1|n2>2/‘”(1+ (Iw—unZ))

" 2m \m(p+ D) "))

where lim,_, gi(s) = 0.

5 Actually a pair of solutions because ®,, is even; if u(f,x) is a solution of (1) then so is u(f 4+ m 7 — x).
However, we cannot ensure that they are geometrically distinct.

By the choice of r and the fact that |Z,v|, = O(||v||) = O(r), for | — 1|n* < 1, the critical points v,
of @, that we obtain satisfy |va]» = O((|o — 1\;12)1 (p=1)y,
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By condition (35) we find N, = Cy,,/+/|w — 1| geometrically different 27/w-periodic
solutions.

Remark 3.2 (Optimality of N, ). We expect the estimate on the number N, of solu-
tions, with small | - ff'/yw, to be optimal. Indeed, assume that N?|w? — 1| > 7,, and
let Vy = {Zj;/:l Eicosjesingx; &, eRY, Bs ={vel| |5~ )y < 6}. For j=1>=N,
|w? > — j*|=|w? = 1|2 = |w* — 1|N? =y, and we can prove that if § is small, the re-
striction of @,, to any fibre (v+V; )N Bs is strictly convex if @ > 1 (strictly concave if
@ < 1), so that, for each v € VyNBs, the restricted functional Vi NBs > h — @y, (v+h)
has at most one critical point 4(v). So the critical points of @, that belong to Bs are
in one-to-one correspondence with the critical points of the map @, (v + 4(v)) defined
in Vy N Bs. We expect the number of the critical points of this map to be O(N).

Remark 3.3. The solutions u, obtained in Theorem 3.1 are close to some critical point
u(t,x) :=n(t +x) 4+ n(t —x) €V of the functional (¢/2)|[v[|* — [, v*™'/(p+1) and so
n is close to some critical point of

2n
— 27e dsi’*(s) — —2
n /0 n(s) 2+ 1)

p + 1 2n 2n
X Z ( . ) dsi(s) dsn?~*+1(s).
0 0

0<k < p+1,k even

Such critical points are 2z periodic, odd solutions of some ordinary differential equa-
tions and were explicitly computed in [3] for p =3.

3.2. Case II: p even

The case f(u)= au? + h.o.t. with p even is more difficult since fQ Pt = 0. To
find the dominant non-quadratic term in @, we must distinguish different cases.
Let f(u)=au? + h.ot. for some even p and

(N1) fD(0)=hd! # 0 for some odd integer d <2p —1 and f)(0)=0 for any odd
integer < d (for instance f(u)= au? + bu?),

(N2) £0(0)=0 for any odd integer » < 2p — 1 (for instance f(u)= au?),

(N3) f)(0)=0 for any odd integer » <2p — 1 and fCP~D(0)=:b2p — 1)! # 0
(for instance f(u)= au? + bu?P~").

(a) Case (N1): If (N1) holds the dominant term in the reduced functional is supplied
by the odd nonlinearity bu“ in the Taylor expansion of f at 0 and one reduces to the
situation discussed in the previous subsection.

Theorem 3.2. Let f(u) = au? + hot. with p even and (N1) hold. There
exists a positive constant Cg:=Cg(f) such that, Yo €W and YneN\{0}
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satisfying
(Jo — 1|n2)(p—1>/(d—l)

Yo

< Gy (36)

and w > 1ifb > 0 (resp. o < 1if b <0), Eq. (1) possesses at least one, even periodic
in time classical C* solution u, with minimal period 2m/(nw).

Proof. By Lemma 3.1 the reduced action functional @, can be written in the form
(12) with u=¢, G(v) := (b/d + l)fQ v+ (where, by (N1), b := f90)/d"), g=d
and, since [,v"™? =0 and d +3 <2p,

P olor !
(VR@).0) = O { [ol, + 2 lofif + =2— .
If 5> 0 (resp. b <0) G(v) > 0 (resp. G(v) < 0) for all v # 0. Moreover G(&,v) =
G(v). Hence, @, ,(v) = (en*/2)||v||* — G(v) + R,(v) and, as in the proof of (33),

& v 3p—1
(Va0 =0 (o + L popr 4 L),

Arguing as in the proof of Theorem 3.1, with

1 23\ /d—1 3p—2—d
= <|s|n) and ocO(r2+8|r2pld+r)
Co\ m Y v

for some small enough positive constant Cg, condition (36) ensures that B, C & and
that conditions (13) hold (observe that 2p — 1 —d > 2). Hence, Theorem 2.3 implies
the existence of at least one critical point of @, , which, by Lemma 2.5 (recall that
G(Z,v) = G(v)), has minimal period 2. L[]

When (N1) is not satisfied the situation is more delicate.

(b)
Case (N2):

Lemma 3.4. Let f(u)=au? +h.o.t. for an even integer p and (N2) hold. The reduced
action functional ®,,: 7 — R defined in (11) has the form (12) with u=e=(w*—1)/2,

2
G(v) = % /Qv”Lflvp,

R(v) ::Rw(v)—/QF(v)—;/Qf(v)LIHWf(vH—az2 /Qv"L*IU”.

Moreover

3p—1
& (&)
(VR(v),v) =0 (lvif’” + 'y' |o]27 + '”'/> - (37)
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Proof. Since p is even (see footnote 4), Yve V, v” € W and hence Il v? = v”. By
(N2) £P+D(0) =0, hence f(v) = av? + O(v”*?). We obtain

a2

1

2 / SOL™ Ty f(0) = 5 / P L™ 4+ 7(v)  with (Vr(v).v) = (o[22,
Q Q

Moreover, fQ v/ =0 for all odd / and, by (N2), the first even term in the expan-

sion of F(v) is O(v*?*?). Hence [,F(v) = O(|v|of?). We derive the claim from
Lemma 3.1. [

VG,VR:V — V are still compact operators and G is homogeneous of degree g +
1 := 2p. The following Lemma, proved in Lemma 3.5 of [5], ensures that G # O,
implying the existence of at least one critical point v of @, see Theorem 3.2 of [5].

Lemma 3.5 (Berti and Bolle [5]). For any even p, G(v) = (c12/2)fQ vPL~ P <0
Yo #£ 0.

Further difficulties arise for proving that the minimal period of v is 27, i.e. that G
satisfies (28).

Lemma 3.6. Let w(t,x)eW be of the form w(t,x) = m(t + x,t — x) for some
m:R?> — R 2m-periodic with respect to both variables. There exists functions i
and a, 2w-periodic, such that

m(s1,s7) = ni(s1,2) + a(sy) + a(sy) + (m), (38)

where (m) == (2m)~? [1, m(s1,52) sy dsz, (a) := (2m) ™" [ a(s)ds =0, (i), (s2) =0,
(m)s,(s1) = 0. Moreover

2n pm
/ / L~ (w)wdtdx
o Jo

2n p2m
-] / M(s1,52)m(s1,52)dsy ds;
2 Jo Jo
21
+2n M(s,s)a(s)ds
0
2n 2n 2 _4
+2n(m) [ M(s,s)ds — Sn/ A(s)?ds — % (39)
0 0
where M and A are the 2m-periodic functions defined by
AI(S) = %a(s)a <A> = 09 asl aSZM(S|7S2): ir;l(slaSZ)a
(M), (s2)=0, (M),(s1)=0. (40)

Proof. The proof is in the appendix. [
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As a consequence of Lemma 3.6 we obtain:

Lemma 3.7. Let w(t,x) € W be of the form w(t,x)=m(t+x,t —x) for some m:R*> —
R 2n-periodic with respect to both variables. For n € N define (£ ,w)(t,x) := m(n(t+
x),n(t — x)). Then

2n pm
/ / (LWL (L, w)dxdt
0 JO

7'54 1 2n pm 7.1:4
:—Z<m>2—|—; /0 /0 walwdxdt—l-Z<m>2 (41)

_ o |W|i2
——€<m> +O<n2). (42)

Proof. We have (Z,w)(t,x)=m,(t+x,t—x), with m,(s1,s,) := m(ns, ns;). Using the
decomposition given in the latter lemma, we can write m,(s1,52) =n1,(s1,52) + a,(s1)+
ay(s2) + (m), where ni,(s1,s2) := m(nsy,nsy) and a,(s) := a(ns). Therefore, by (39),
using the abbreviation w, := &,w,

2n pm
/ / L™ (wy)w, dx dt
0 0

1 2n 27 .
=—= / M, (s1,52)m,(s1,52) dsy dsy
2 Jo Jo
2n
+ 27 M, (s,s)a,(s)ds

0
2n >2ﬂ?4

21
+2n(m) [ My(s,s)ds — 8n / An(s)?ds — WT
0 0

where M, (s1,52) 1= M(ns1,nsy)/n’> and A,(s) := A(ns)/n. Eq. (41) follows straightfor-
wardly. Eq. (42) follows since [, wL™'w = O(|w|p2|L™'w|;2) = O(|w|},) and (m)? =
0(|m|%2) = 0(|W‘§2)- U

Lemma 3.7 allows to prove that when p = 2, G satisfies condition (28) in
Lemma 2.5.

Lemma 3.8. Let f(u)=u’+ h.o.t. and (N2) hold (i.e. *(0)=0). Then
G(v) < G(ZLw) <0 YveV \ {0} Vn=2. (43)
Proof. We have v*(t,x)=m(t +x,t —x) € W with m(s1,s2) = (5(s1) — n(s2))*>. We can

then decompose m as in (38) with (m) =2(n?), a(s) = n*(s) — (n?) and #i(sy,sy) =
—2n(s1)n(s2).
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Let Py, resp. P,, be the primitive of #, resp. 0 — <172>, with zero mean-value, i.e.
(Py) = (P,) = 0. The functions 4, M defined in (40) are here A(s) := Py(s)/4 and
M(s1,52) = —P1(s1)P1(s2)/2. Applying Lemma 3.6, we can compute’

/sz‘1v2+”4<m>2——n/2np(s)2( 2+ () d
o (m)?= 12 (n(s)” + (7)) ds
Q 0

T

2n
—= / P5(s)*ds < 0. (44)
2 0

By Lemma 3.7 and (44)

/Q(g,,u)zrl(g,,u)z = —%4 (m)? + 7117 (/Q L+ %4 <m>2)

and (43) follows. [J

We do not know whether (43) still holds true for G with p > 4. In any case, from
Lemma 3.5, we get:

Lemma 3.9. Vn > 2, G,(v) := G(Z,0)=(a*/2) [(L,0)PL™(ZL,0)? satisfies (28) with
p= %, ie.

m2r
2 Gu(0) < G L) <0 Vmm =2 VoeV\ 0.

Proof. By (41)

G e
Go(0) = G(Lv) = (”) 1§zv> <r12_1>

with (v?) := (1/2n?) [, vP. Hence Vn,m =2, Yoe V \ {0} (recall that G(v) < 0),

G p)2 1 1
Gi(ZLmv) = G(ZL ) = (n (U))2 + 1<20 > ((nm)2 - 1) = ZmZPGn(U).

Indeed G(v)/(nm)? = G(v)m??/(4n?) and (1/(nm)*) — 1 = — 1 = (m?>?/4)(1/n?) — 1)
Vu,m>=2. O

Lemma 3.10. Let f(u) = au? + h.ot. for an even integer p and (N2) hold. Then
@y, : 7 — R defined in (29) has the form (12) with u= en® = n*(w? — 1)/2:

2
EN
Dy (v) = 5> 0]]> = Gu(v) + Ru(v) YvED,

7We check again from (44) that G(v) < 0 Vv # 0.
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where G,(v) = G(Z,v) and R,(v) = R(ZL,v). Moreover

3p—1
(VR,(0),v) = (VR(L ), L) = O <||v|2"+2 + j lvo]*? + 'l’/) :

Proof. It follows from Lemma 3.4. [

We derive the following theorem.

Theorem 3.3. Let f(u)=au? + h.o.t with p even and (N2) hold. There is a constant
Cy depending only on f such that, Vo € W', v <1, Vn = 2 such that

1123172
M < Co, (45)
i

Eq. (1) possesses at least one, even periodic in time classical C? solution u, with
minimal period 2n/(nw). If p =2 the existence result holds true for n=1 as well.

Proof. Consider frequencies @ < 1 so that & < 0. For (|¢[n?)"/?/y small enough we can

apply Theorem 2.3 and Lemma 2.5 to ®,,,:B, C Z — R with ¢=2p — 1, u=en?,

1/2p-2) .

1 |e|n ) ( ) el TP )

V= — _— and o= O r+ —+—_1_.
Go (IM(Gn)I Y Y

Note that m_(G,) — m_(G) as n — 400, where G(v) := —(a*n*/12)(v?)?> = —(a?/48)
(f v”)?, and the sequence (|m(G,)|) is bounded from below by a positive constant.
Moreover, by Lemma 3.9, for n =2, G,(v) satisfies (28) with f = i (and by
Lemma 3.8, if p =2, G too satisfies (28)). The Theorem is proved. [J

Remark 3.4. We think that the restriction n > 2 in the case p # 2 even is of purely
technical nature.

(c) Case (N3): Arguing as in Lemma 3.4 we get:

Lemma 3.11. Let f(u)=au?+h.o.t. for an even integer p and (N3) hold. The reduced
action functional ®,,: % — R defined in (11) has the form (12) with u=e=(w*—1)/2,

b ,, @ 1
G):=— [ v’ +— [ vPL™ 0" (46)
2p Jo 2 Jo
and R(v) satisfies estimate (37).
By Lemma 3.5, for b <0, G(v) < OVv # 0. Moreover Lemma 3.9 yields

Lemma 3.12. Let b < 0. For n = 2, G,(v) := G(Z,v) satisfies (28) with = %, Le.

Im*PGy(v) < G(Lwv) <0 Ynm =2, Yu #0.
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For w < 1, i.e. £ < 0, and (|¢[n?)"/?/7 small enough we get the same existence result
as in Theorem 3.3.
For b > 0 we are no longer able to prove that condition (28) of Lemma 2.5 is
satisfied by G, for any n > 2. That is why we introduce another homogeneous map
G, which is a good approximation of G, for large n.

Lemma 3.13. Let f(u)=au? + h.o.t. for an even integer p and (N3) hold. &, ,: % —
R defined in (29) has the form (12) with p= en* = n*(w? — 1)/2:

en o o~
Bun(v) = 5 [lol]* = G(0) + Ro(0)

where, for v(t,x)=n(t+x)—n(t—x)ev,

~ b ) a? :
6=, [ (L)

b 2
= [ = = ([ o)

Moreover

(VR,(v),v) = (VR(ZL ), L v)+0<| vt )

e v 3p—1 v 2p
-0 (|U||2p+2 + |y| ||U||2p + ” ”’y + || || )

n2

Proof. By (42) with m(sy,s2) = (n(s1) — n(s2))?

4 2
/Q(f,,v)pL_l(g,,v)p = —% (m)* +0 (lv;“)

2p
< / (n(sl)n(sn)*”) +0(””' ) (47)

By (46) and (47) we find the expression of G and the estimate for R,. [J

Clearly, G(ZL,) = G(v) YveV and YneN \ {0}. We have to specify the sign
of G(v).

Lemma 3.14. It results, for p even,

2 —1
— P 2p
oz, (L) (1)
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2 _
- ( / (n(sl)n(Sz))”> (2 / (n(s1>n(S2))2P>
neH(T),;; odd \JT? T2

= 7'[2.

. 2 —1
. 2 -
i (L) () =o )

Proof. Using that # is odd, we get by Newton’s formula

1

/ (n(s1) — n(s2))” dsy dss
TxT

p/2 p/2

:Z Ci"/ny‘ ds/n”_Zk ds < ZC;"Zn/r]” ds
k=0 T T k=0 T

by Holder inequality. Hence, since Z,fi 20 Co% —=2r 1,

[ 0= nts2) s sy <205 [ ras. 49)
JTXT T

Now, by Cauchy-Schwarz inequality, for all 0 < k < p,

2 2
(/ 17’7) = (/Inklnp"‘) S/nz"/nzp‘”‘-
T T T T

Hence, since Y7 CZZ;‘, =22r-1

/ (n(s1) = n(s2))* s dsy
TT

P 2
=Sk [atas [ tass 2 ( / 11”) . (50)
—o T T T

By (49) and (50) we obtain x(p) < mn*. Choosing for 5 H'-approximations of the
2n-periodic function that takes value —1 on (—x,0] and value 1 on (0, 7], we obtain
the converse inequality. Hence x(p) = n?.

We now prove (48). Vo > 0 there is an odd smooth 2zn-periodic #s such that

fozn n? =1 and fozn nd <6 for 1 <q< p. One can see easily that for v(f,x) =

n5(t +x) = n5(t = x), (Jov?V(Jov*?) ™" < B(9) with lims_o f(8)=0. [

If b > pi(p)a®/24= pr*a®/24 then G(v) > 0 Vv e ¥\ 0, and we obtain an existence
result for @ > 1.

If 0 <b< pr(p)a®/24 = prn*a®/24 then there is v; € V such that G(v;) < 0 and
there is v, € V' such that @(vz) > 0. In this case, we obtain an existence result both
for o <1 and w > 1.
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In both cases, we apply Theorem 2.3 for (|e[#?)"/?/y small (in order to have B, C &)
and n large enough, with ¢ =2p — 1, u=en?,

1 2 1/(2p—2) p—1 1
<|8|n~> and a0<r2+8+r +2).
Co \|m+(G))| A A

Recalling that (28) holds for G, we obtain

Theorem 3.4. Let f(u) = au? + h.o.t. with p even and (N3) hold. Define J C R as
J=(0,1)if b <0,J=(1,2) if b > pn’a®/24 and J=(0,1)U(1,2) if 0 < b < pn’a®/24.
There is a constant Cyy and an integer Ny = 1 depending only on f (with Ny =2
if b<0and p=4, No=1if b<0 and p=2) such that, Voe# NJ, Vn>= Ny
such that

(lo — 1]n*)"?

< Cho, (51)
Yo

Eq. (1) possesses at least one even periodic in time classical C* solution u, with
minimal period 2m/(nw).

Remark 3.5. By the choice of r in the different cases and the fact that | % ,v|, =
O(|lv]|) = O(r), for |w — 1|n* < 1, the critical points v, of @, that we obtain satisfy
[Ualw = O((Joo — 1|n*)@=D) with ¢ =d in case (N1), ¢ =2p — 1 in cases (N2)
and (N3).

Remark 3.6 (Energies and norms of the solutions). Let &, := fon(un /2 4+ (un)?)2 +
F(u,)dx be the energy of u,.

|| ” (|(U 1|n2 )1/(4—1) (1+ <(|CO 1|n2)(p1)/(q1))>
Uy 1=n B R ,
H ) . Yo

. n? [ |w—1|n? 2/(g=1) | (o — 1|n2)(p71)/(q*1)
= — _— + 5
=5 (main)  (re(ET))

where ¢ =d if p is even and d <2p — 1 is the smallest order of the odd terms,
q=2p—11if p is even and there is no odd term of order <2p — 1. Moreover,
limy_.9 gi(s) =0 and m, =m + O(1/n*) if p is even, where m > 0 depends only on f.
In the case when the smallest order of the odd terms is 2p — 1 and 0 < b < pn*a®/24,
we have two sequences of solutions which correspond to two (possibly) different values
of m.

4. Regularity

We now prove that the weak solutions u, actually are classical C?(Q) solutions
of Eq. (1).
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Define the norm
|3 = |ttloo + [ = 1" |ull g + | = 1] JJuell g2 + |0 — 1P Ju] -

We saw in Lemma 2.2 that for u€X, |u|, < po, | f(4)|eo < Clulb and || f(u)||m <
Clul% |ullz. We have also the standard (although less obvious, stemming from the
Gagliardo—Nirenberg inequalities) estimates || £ (u)||r < Clu|2 " ||ul|z+ for r=2,3, from
which we can derive

|f(W)]os < Clulgs  for u€X,|uly < po. (52)

Lemma 4.1. If uc X NH>(Q) then w = L, Tyu =37, -y ;. wij cos(lt)sin(jx),
where wi; = u;; /(0?1 — j*), satisfies Z/z(),jzlﬁj#l lwij (18 + j®) < (C14/y)2|\u||37,3. In

particular, w € H>(Q), ||wl|s = O(||ul|3/7) and wie(t,0)=wxe(t, 1) =0 a.e.. Moreover
we Q).

Proof. We point out that u € H>(2) does not imply that 3°,_ ;- |us;[*/® is finite (it is
right only if also uy (£, 0)=uy (1, 1)=0 a.e.; in general we have only |[u[7; <C 32,24 5,
|uy[*(1° + j)). However, it is true that 3, .~y w16 = O(|0wul}2) = O([Jull7:).
Now

: Juy|* ,
Yo owil = Y] m(16+f6)151 + 82, (53)
120,j>1,j#1 120,j=1.j#1 J
where
|y ? |y |?
=D (22— 2y PSTE V) 0+ and  Sp:= ) (@ 212/ 2y (I +7°).
j=2ml J<2wl,j#1
If j > 2wl then |w?/? — j?| > 3;2/4, hence

2u?, i\°
Si< ), = <j6+ (M> < Y Huylf = O0(ludl72) = O(lull7). (54)

Jj=2wl j=2wl

Since |w?l* — j?| = y/2 for all j # [ and w < 3 we have
S2 < Z |l/l[]‘ (16 6)< Z |ul]| (l6+(3l)6)
1<j <20l 7 1<j <20l 7
C C’
< 7 il 72 < 7 ]| - (55)

By (53)~(55), we get 3,2 51 Wi (10 4 %) < (C/y)*||ulF;s. Now we prove that
> wil(P 4+ 7)< + oo, (56)

10,j>1
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which implies that w € C*(Q). We have
. |uy;|
Yo wlP A= Y |2127/| (P+2)=5+5, (57)
120,32 1,j#1 120,j>1,j#1
where
| | |us;|
ZW : (12+]) and §ji= > ‘212’ |(12+])
j=2ml J<2wl,j#1

For j = 2wl, |w*I> — j*| = 3j/4 and [ < j/2w < j, hence

12
Si<CY ugl<C{ D |uylP@P+ 72y
j=2wl 120,j>1
12
X Z (2 + 2)2 < C/HMHHZ' (58)
120,/>1

Note that >°,_ -y [uy[*(72 + %) = O(|[ull},»)- We claim that
ss< CM <+ 59
2= - - | 212 ‘ 0. ( )
J<2wl,j#1

Indeed we know that

> Py P = 0(ouul}>) = O(||ull7s) < + oo (60)

Jj<2wl

As in the proof of (A.1) (proof of Lemma 2.1), (60) implies that S is finite. By
(57)—(59) we get (56). [J

By Lemma 4.1, ||L, ' ITjy||»5 < C/y. Hence, by (52), the map ¥,: W — W, defined
(before Lemma 2.2) by %,(w) := L' Iy f (v + w), satisfies (if v,w € H*(Q))

G (W)ws < — (0155 + w5, 3), (61)

= | Cx

where C is some positive constant.

Lemma 4.2. If |v],3 < 6 = [y/ONYP™Y then w(v)e H3(Q) N CX(Q) and so v +
w(v) € CH(Q).

Proof. By (61), %,(B;) C B;, where

Bs:={we W nHQ) ||w]ws <0}
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As a result, if |v]y3 < 0 then wy = @’;(O)Eé‘g for all k£ > 1. It follows that (wy)
converges weakly in H3(Q) to some W € B ;- Now, recall that w(v) is the unique fixed
point of %, in a small ball around 0 for the norm ||, in W and that, by the contraction
mapping principle, w(v) is the H' limit of (w;). Hence w(v) =W and w(v) € H3(Q).
By formula (52) and Lemma 4.1 we derive that w(v) € C2(Q), and v + w(v) € C%(Q)
because ¥ NH*(Q) C CX(Q). O

There remains to check that when condition (35) or (36) or (45) or (51) is satisfied
(according to the different cases) the critical points v, of @, that we have obtained
in Theorems 3.1-3.4 satisfy |v,]n3 < 0. Since the critical points v := v, of @, satisfy
Uy = Uxy, 280y = Iy f(0 4 w(v)),

1 1
ol =0 (3 1y 10 4 w0l ) =0 (3 I+ wion )

1
ol = O (8 FACES w(v))lp) :

Therefore, by Lemmas 2.2 and 2.1 (recall that |¢| ~ |w — 1] as @ — 1)

v

p—1
0.3 = O(|v]w + |/ (0 + w(0))]0) = O <U|w + [vl2) (1 4 e )) = O(Jvo),

because ve D, = {ve V| [v|57"/y < p}. Hence, by footnote 6 and Remark 3.5, |v],,3
<6 := (7/(2€))/P~" provided the constants C;, Cs, Co, Cyo of Theorems 3.1, 3.2,
3.3 and 3.4 have been chosen small enough.
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Appendix A
Proof of Lemma 2.1. Writing w(z,x) = 2120’1.217#, wy jcos(/t)sin(jx) € W we have

_ Wi ..
Ly'w(tx)= Y ———,———cos(It)sin( ).
A CL) CIE)

Since w € W,, |0*? — j*| = |(wl — j) (! + j)| = /2 and so ||L;'w|| = O(||w]|/y).
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We now prove that for all we W

_ Wi,
L, 1w| <S:= _—
o 120’;#1 |l — jl(wl + j)

w_ll/Z
<COWU+y|MW>. (A1)

For /€N, let e(/) €N be defined by |e(/) — w!| = min;en|j — wl|. Since w is not
rational, e(/) is the only integer e such that |e — w/| < J. Let us define

Wi

= Z T~ and

120,j=>1,j#1, j#e(l) |l — jl(wl + j)

Wi

Sg = Z 5 .

150.e(1)41 |l —e(D)|(w! +e(1))

For j # e(l) we have
el oy

|wl_ﬂ>LL7?)J and w,+j>ﬁ—f%lj,. (A2)

Indeed, for j # e(l) we have that |j — wl| = |j — e()| — |e(l) — wl| = |j — e(])| —
% > |j — e(/)|/2. Moreover, since |e(/) — wl| < %, it is easy to see (remember that
w = %) that e(/)+/ < 4wl and hence |j—e(l)|+1 < j+e(l)+ 1 < 4(j+wl). Defining
wr; by wy; =01if j <0 or j=1/, we get from (A.2)

8wy,
St < Z - —/ .
150,/€Z,jtell) lj —e(DI(j —eD)| +1)

Hence, by the Cauchy—Schwarz inequality, S; < 8R;|w|;2, where

1 1
R = > = Y s
P 2(|7 — 2 i2(17 2
1s0sezipey U e —eDI+ D2 e 2D

1
< _— < .
T 2 FirIE S
>0,/€Z,j#0

In order to find an upper bound for S,, we observe that if / < 1/(2|w — 1]) then
lwl — 1] < 4 hence e(/) = /. Hence we can write

Wie(n)]
Sy = > ’ .
1>1/2|0—1]e(1)# |l = e(Dl(w! + (1))
Since w € W, for [ # e(l), |wl — e(l)||wl + e(1)| = p(wl + e(1))I~" = 7. Hence, still
by the Cauchy—Schwarz inequality,

1 2R,
S <~ Z Wieny| < T||W||Hla

7 1=1/2|0—1]e(l)#]
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where

1
R= Y 7 <20e-1.

1=1/2|w—1|

The estimates |L_,'w|, < (C/y)|w|, Yw€E W and \L(UIHWML, (Ci/y)|u|pVueX are
an immediate consequence of the bound of ||L'w|| = O(||w||/y) and (A.1), since
|Mwul;, < |uly, and ||[Hyu| < ||u|| For the estimate of |L,'w|,» (w€ W), we use the
decomposition |L;'w[?, =S| + S5, where

> iy
Si = —
=000, 21, je(l) (ol =)Aol +))
w
Sh = L) .
2 Z (ol — e(1))*(wl + e(1))?

1>1/2|0—1]e(l)#1

Recall that if / < 1/2|w — 1| then e(/) = [. Arguing as before it is obvious that
S| < Clw|?,. Setting ¢ := (w? — 1)/2, we have

Wi e(t) Ao 1? 2 2
8 < > 3 = Y. Pwig
s 12001 lehtl | / I21/200—1|e(H)#]

2
_ & 2 ) _ le[ |
=0 (5w ) =0 (&)

which yields estimate (7). We now prove (5). Writing r(t,x) = 2120’91 71, cos(lt)

sin(jx), s(t,x) = Zl;oj'zl s1,; cos(It)sin(jx) we get

- S1,j .
L' ys = Z 12 cos(lt)sm(jx) L)ts= Z Wi]z cos(It)sin( jx)
J#! J#l

and

S[jl”]]' (*8)12

S = /Qr(L;l — L™ Y(Iys)dtdx =7 (wzlé —’jz)(lz " —7*(S1 + 52),
J#

where

NINIAN el
L je(l) (ol = j) ol + ) =)+ )
SLe(hLe(l) €1

1;) (ol —e(D))(wl +e(D)( —e(D))(I+e(l))
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For j # e(l) and j # [ we have that |w/—j| > |j—e(/)|/2 = 1/2 hence |(wl—j)(wI+))
(I =)+ )] = (1/2)wl*. We obtain

2le 2le 2le
511 < 2 S gt =0 (2 bl ) =0 (22 ol ).

J#l

As before, for w € W, and I # e(1), we have |wl/—e(l)| = y/I and so |(wl—e(]))(w!+
e(N)(I —e(D))(I+ e(l)| = yl. Moreover [ # e(l) implies [ > 1/(2|w — 1|). Hence

2 2
& &
si<cs ¥ |rz,e<,>||sl,em|zz=o(y||rm||s|m).

1=1/(2[e])

Estimate (5) follows straightforwardly from the above estimates of S| and S,. Finally,
(6) is an immediate consequence of (5) since, for all (r,s) €X x X,

/rL_l(HWs):O(|r|Lz|s|Lz):O(|r|w\s|w). O
o

Proof of Lemma 2.2. By standard results, if u € L= N H'(T x (0,7)), then f(u)€H'
(T x (0,m)) and (f(u))x = f'(Wux, (f(u))e = f'(u)u,. We get

12 1/2
Sl = ( / I(f(u))x|2> - ( / If/(u)lzlux|2>

< | ) sollull < Clua 257 |ul| g (A3)

for |u|~ small enough. An analogous estimate holds for |(f(u)),|;2. Since |f(u)| <
Clu|%, we obtain (8).

We now prove that u — f(u) is C'(X,X). It is easy to show that it is Gateaux
differentiable and that D¢ f(u)[h] = f”(u)h. Moreover, with estimates similar as before
we have that u — D¢ f(u) is continuous. Hence, the Nemytski operator u — f(u) is
in C'(X,X) and its Frechet differential is # — D f(u)[h] = Dg f(u)[h] = f'(u)h. The
second estimate of (8) can be obtained in the same way. [l

Proof of Lemma 2.3. We want to prove that 4 : W — W, defined by %(w) :=
L'y f(v + w), is a contraction on a ball B C W for some & if 5™y is
small enough. Since, by Lemma 2.1, ||L,' Ty ||, < C1/y and by (8), we have that, for
all we B;s

C c
. — ([olf +67)

C C
G < — | f 0+ W) < — [0+ w2 < = (o] + ) <
Y ) v V

(A4)

for some C > 0. Moreover, by Lemma 2.2 the operator % is differentiable and
DG(w)[h] = L' Iy (f'(v + w)h). Hence by (A.1)

C c C
IDG(w)[h]|o < 71 |f'(v+w)h|, < > o+ wlZ7 A, < > (0|2~ + 677 H)|hl,
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for some C > 0. Let us choose & := |v], and p = (4max(C,C))~". For vEYD,,
(C/y)(|vlh + 67) < /2 and (CN'/V)(|1;|£71 + 077"y < J. Hence, ¥ maps B;s into the
closed ball B()/z and is a contraction on B;. By the contraction mapping theorem there
is a unique w(v) in Bs such that 4(w(v)) = w(v). We have
2C
|W(U)‘m = |g(W(U))‘m X 7 ‘U|m (A5)

by (A.4) and the choice of 6. Moreover

W)z = L, T (v + w(©))]2 < C (1 + w/) /(04w

o — 1]
C<1+/ 0],

by (7) and (A.5). In addition

rLy My (f (0 +w(v)) — f(v))‘

_ 71 —
[ vy~ 1 HWf(v))’ /Q

<G (1 + |wy_ 1') |f(v+w()) = f(V)|o|r]w

<C (1 + |) (lol5 = w())lrlo

C —1
<= (1 + —"" ') 161277 ]
Y Y

by (6) and the bound on |w(v)|, given in (A.5). This proves (ii).

In order to prove (iii), let us call .# : X — X the linear operator defined by
Ju(t,x) =u(t +m,m —x). It is easy to see that .# and L 'ITy commute. Hence, since
—v=J0,

w(v) :L((_JIHWf(U + w(v)) = Jw(v) :L(ZIHWJf(U + w(v))
=L, My f(—0+ Fw()).

This implies, by the uniqueness of the solution of w = L, 'IIjy f(—v + w) in the ball
of radius |v|,, that w(v)( + 7, ® — x) = w(—v)(z,x).

For (iv), we remark that if v € V,,, then w(v) is the unique solution in an appropriate
ball of the equation ¥(w)=w, where the map ¥ satisfies ¥(W,) C W, (W, is the closed
subspace of ¥ containing w € W which are 2n/n periodic in time). Since %*(0) — w(v)
in W, this implies that w(v) € W,,.

Finally, the map (v,w) — %(v;w) ;= w — L, Ty f(v + w) is of class C' and its
differential with respect to w is invertible at any point (v, w(v)) by Lemma 2.2 and the
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previous bounds. As a consequence of the implicit function theorem the map v — w(v)
isin CY(2,,w). O

Proof of Lemma 3.6. We define «, a1, a2, i by o= (m),

1 27Z
a(s1) = <m(s1,-)—a>52=%/ m(s1,52) — adsa,
0

1 2n
ax(sz) := <m('a52) - O‘>s| = E / m(sy,sy) — ads)
0

and m(sy,s7) = m(s1,52) — aj(s;) — az(sy) — o. It is straightforward to check that
(a;) =0, (m)s,(s1)=0, (i), (s2) =0. We have to prove that a; =a;. Since w € W, for
all p odd and 27 periodic,

1
[ epto 0 - pe - drdx =3 [ msiisp(on) - ploz))dsi dsa =0,
T
By the definition of a;, we obtain that for all p odd and 2=n-periodic
/(al(s) —ax(s))p(s)ds =0.
T

Therefore a; — a; is even. Now w(t,x) = w(—t,x) for all 1€T and for all x €[0, ],
and this implies that m(—s,, —s;) =m(s1,s2). As a consequence ay(s)=a;(—s), so that
a; — ap 1s odd. Since a; — a; is both odd and even, a; = a5.

We now turn to the expression of ['wL™!(w). Let us define i, S, B3 on R* by

Bi(s1,82) == =M (s1,82) + 5 (M(s1,51) + M(s2,52)),
Ba(s1,52) := (51 — 52)(A(s1) — A(52)),

Basis2) i= =5 (51 = 52)(2m = (51 = 52))

and By, By,B3 on R x (0,7) by B;(t,x) := f;(t +x,t —x). As an immediate consequence
of its definition, B; is 27n-periodic w.r.t. ¢ and for x € {0, 7}, B;(t,x)=0. Hence B; € X.
Moreover —dy, 0s, fi = (1/4)A;, where

21(81,82) == mi(s1,82),  Za(s1,82) = a(s) +a(s2),  73(s1,82) == o

This implies that [—(0,)>4 (0, )?1B;=L; where we have defined L;(£,x) := A;(t+x,1—x).
As aresult By + B, +Bs €L 'w+ V and

/ w(t,x)L~ (w)(t,x)dt dx
[0,27] % [0,7]

:/ (B + B, +B3)(t,x)(L1 + L, +L3)(t,x)dtdx.
[0,27] X [0,7]
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We observe that, since B; vanishes for x =0 and x = &, for all ,/,

/B,‘Ljdfdx:/Bi((Bj)tt_(Bj)xx)dtdx

:/((Bi)tt — (Bi)w)B;dtdx = /L,-Bj drdx.

Hence

/wL‘lw:/ B\L, +2/B1L2+2/31L3
[0,27] % [0,7]
+/32L2+2/32L3 +/33L3-

1 1 1 N
/B1L1 =3 /2(*M(81,S2) + EM(SI,SI) + EM(Sz,Sz))m(Sl,Sz)dsl dsy
T

We have

1
=5 / M(sy,52)m(sy,s2) dsy dsa,
2 Jp
because (ri),, = 0.

[ B =5 | M)+ 5 M)+ 5 M) ator) + atsn)) ds diy

:n/M(s,s)a(s)dS
T
because (M),, =0 and (a) = 0.
1 1
/31L3 =2 / (=M(s1,82) + 5 M(s1,51) + 5 M(s2,82)) = —W/M(S,S)ds
2 Jp 2 2 .
because (M) =0.

2n n
/Bsz = / / 2x(A(t +x) — A(t — x))(a(t +x) + a(t — x))dtdx
o Jo

2n

:/n dx8x [ (At +x) — At — x))(A'(t +x) + A'(t — x))dt
0 0

[T o [(A® +x) — At — x))? 5
—/0 dx8x/0 dt[ 2 —A(t —x)

+24(t +x)A'(t — x) dt

n 21
:/ dx16x/ A(t +x)A'(t — x) dt
0 0



M. Berti, P. Bolle| Nonlinear Analysis 56 (2004) 1011—1046 1045

n 2n
= / dx l6x/ A(s)A' (s — 2x) ds
0 0

21

2n n
= dsA(s)/ 16xA'(s — 2x)dx = dsA(s)[8xA(s — ZX)]§22
0 0 0

2
=—8x / A(s)? ds.
0

In the fore-last line, we have integrated by parts (w.r.t. x) and used the fact that (4)=0.

n 2n
/B2L3 :oc/ dex/ (A(t +x) — A(t —x))dt =0,
0 0

still because (4) = 0. At last

2n T 2.4
/B3L3:—g/ / 2x(2n—2x)dtdx=—0(6n
o Jo

Summing up, we get (39). I
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